Type-1 OWA operator provides us with a new technique for directly aggregating linguistic variables expressing human experts' opinions or preferences by fuzzy sets via OWA mechanism in soft decision making. However, the existing Direct Approach to performing type-1 OWA operation involves high computational overhead. In this paper, a fast approach, called α-level Approach, is suggested to implement the type-1 OWA operator. Experimental results have shown that the α-level Approach can achieve much higher computing efficiency in performing type-1 OWA operation than the Direct Approach.
Introduction
In real world decision making including multi-expert decision making (i.e. group decision making), multi-criteria decision making and multi-expert multi-criteria decision making, human experts exhibit remarkable capability to manipulate perceptions without any measurements. In these cases, the use of linguistic terms instead of precise numerical values seems to be more adequate in dealing with vague or imprecise information or having to express experts' opinions on qualitative aspects that cannot be assessed by means of quantitative values. [1] [2] [3] [4] So the techniques of aggregating linguistic information rather than crisp numerical values are in high demand, which have motivated us to extend Yager's OWA operator, 5 and suggest a new OWA operator, called type-1 OWA operator, 6, 7 that is able to aggregate linguistic terms expressed in fuzzy sets via OWA mechanism. A Direct Approach to performing type-1 OWA operation was suggested as well.
7 Interestingly, some well-known existing aggregators, such as Yager's OWA operator, join and meet operators of fuzzy sets, are the special cases of this type-1 OWA operator.
However, the Direct Approach to performing type-1 OWA operation involves high computational load, which inevitably curtains further applications of type-1 OWA operator to real world decision making. The purpose of this paper is to develop a practical approach with high computing efficiency in performing type-1 OWA operations. The proposed fast approach to type-1 OWA operation, called α-level Approach, is based on the α-level type-1 OWA operator defined in this paper.
This paper is organised as follows. Section 2 describes the definition of α-level type-1 OWA operator. Then Section 3 proposes the fast approach to implementing the type-1 OWA operation. Section 4 includes the case studies, followed by conclusion and discussion in Section 5.
Definition of α-Level Type-1 OWA Aggregation and Representation Theorem
Let F (X) be the set of fuzzy sets defined on the domain of discourse X, a type-1 OWA operator has been defined to directly aggregate fuzzy sets.
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Definition 2.1. Given the n linguistic weights
in the form of fuzzy sets defined on the domain of discourse U = [0, 1], a type-1 OWA operator is a mapping Φ,
(2) where * is a t-norm operator,
is the ith largest element in the set {a 1 , · · · , a n }.
From the above definition, it can be seen that the aggregated result Φ (A 1 , · · · , A n ) = G ∈ F (X) is still a fuzzy set defined on X. The above definition (2) can lead to a Direct Approach to type-1 OWA operation 7 given the linguistic weights {W i } n i=1 in the form of fuzzy sets. In order to aggregate the α-level sets of any fuzzy sets, we define the α-level type-1 OWA operator which is guided by α-level cuts of linguistic weights as described in the following. is to aggregate the α-cuts of fuzzy sets,
where σ :
We have the following Theorem 2.1 without proof due to the limited space:
Theorem 2.1 (Representation Theorem). Given a type-1 OWA operator Φ,
(2) If the t-norm * = min used in the type-1 OWA aggregation Φ, then
The Theorem 2.1 is called the Representation Theorem of type-1 OWA operator, which indicates that a type-1 OWA aggregation can be implemented by a series of the α-level type-1 OWA operations when the t-norm minimum is used. It is the basis of the following proposed method of fast implementation of type-1 OWA aggregation. But in this papers, the aggregated objects as fuzzy numbers (i.e., normal and convex fuzzy sets) are considered, unless otherwise stated.
Fast Implementation of Type-1 OWA Operation
In this section, we propose a fast algorithm for type-1 OWA operations with minimum t-norm, which can be used in real-time decision making support environments. This fast algorithm is called α-Level Approach in this paper.
Given a type-1 OWA operator Φ with the linguistic weights W i (i = 1, · · · , n) and min t-norm, its α-level aggregations Φ α A . We have the following Theorems 3.1 and 3.2 without proofs due to the limited space.
Theorem 3.1. To find the minimal number i * 0 ∈ {1, · · · , n} satisfying ρ
α+ is the right end-point of the interval
, where
Theorem 3.2. To find the minimal number i * 0 ∈ {1, · · · , n} satisfying ρ
The Theorems 3.1 and 3.2 provide efficient ways of calculating the end points of the intervals Φ α A 1 α , · · · , A n α . So the aggregating result by the type-1 OWA operator with minimum t-norm can be obtained according to the Representation Theorem 2.1.
Case Studies
In this section, we evaluate the efficiency of the proposed α-Level Approach to type-1 OWA operations in comparison with the Direct Approach, in which three type-1 OWA operators: the meet, join and mean operators of fuzzy sets are designed to aggregate three fuzzy sets shown in Figure 1 . Meet and join are operators working on (type-1) fuzzy sets first proposed by Zadeh 8 and named in. 9 Interestingly, as analysed in, 6 the meet and join operators are special cases of type-1 OWA operators, in which a type-1 OWA operator with the singleton weights:
is a meet operator, whilst a type-1 OWA operator with the singleton weights:
is a join operator. On the other hand, it is known that the mean averaging operator can be seen as the particular type of Yager's OWA operator with the crisp weights all equal to 1/n. A type-1 OWA operator with the weights in the form of singleton fuzzy sets1/n can be seen as the extended mean operator on fuzzy sets.
Comparison of Computing Efficiencies
We use the α-Level Approach and the Direct Approach respectively to implement the above three type-1 OWA operators: meet, join and mean for aggregating three fuzzy sets. Table 1 shows the corresponding time costs of the α-Level Approach and the Direct Approach in completing these operations. It can be seen that the computing efficiency achieved by the α-Level Approach is much higher than the one achieved by the Direct Approach.
Conclusions and Discussions
This paper first defined the α-level type-1 OWA operator to aggregate the α-cuts of fuzzy sets and indicated that a type-1 OWA operator can be decomposed into a series of the α-level type-1 OWA operations based on the Representation Theorem of fuzzy sets. Then a fast approach to implementing type-1 OWA operator has been suggested. Future articles will provide the proofs of the theorems omitted in this paper and explore the roles of the type-1 OWA operator in a medical application. 
